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In this paper we prove that every square-integrable representation of a 
Hilbert algebra is a direct sum of irreducible such representations, and we 
note that this implies that every square-integrable representation of a locally 
compact unimodular group is a direct sum of irreducible square-integrable 
representations. 
According to the usual definition [l, p. 6401, a continuous unitary 
representation T of a locally compact unimodular group G is square- 
integrable if 
(i) it is irreducible, 
(ii) there exist vectors y0 , #,, in the representation space such that 
is a square-integrable function on G with respect to Haar measure. It 
can be shown that if T is square integrable 
is square-integrable for all vectors rp and I/I. 
For our purpose the following more general definition of square- 
integrability is appropriate. 
DEFINITION. Let G be a locally compact unimodular group and T a 
continuous unitary representation of G on a complex Hilbert space X. 
We say that T is square-integrable if 
x t-+ cw 9J I 3) 
is square-integrable on G for all y and 9 in X. 
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The main point of this note is the apparently unnoticed fact that 
every square-integrable representation decomposes discretely into a 
direct sum of irreducible square-integrable representations. 
Every continuous unitary representation T of a locally compact 
unimodular group G extends by means of the usual formula 
to a * -representation of the Hilbert algebra C,(G). But in proving the 
above result on square-integrability, crucial use is made of the fact 
that a square-integrable representation T extends to L,(G), in the 
sense that there is a constant c such that 
II T(f) II d C ilfll7. 
for all f in C,(G) [2]. 
This suggests that the theorem ought to be proved for square- 
integrable representations of Hilbert algebras. 
For the definition and basic properties of Hilbert algebras, it is 
convenient to refer to Dixmier [3] and to a recent paper by Rieffel [4]. 
DEFINITIONS. By a representation of a Hilbert algebra a, we 
mean a *-homomorphism T of @ into the algebra of bounded operators 
on some complex Hilbert space X such that T(LZ)X is dense in S. 
We say that a representation T is square-integrable if 
is continuous with respect to the norm in a for all v and # in X. 
If T is a representation of the Hilbert algebra 02 and f -+ (T( f )q 1 q~) 
is continuous with respect to the norm in r5I? for every vector v, it is 
easy to see that T is square-integrable. On the other hand, it may 
happen that just some of the functionals 
are continuous with respect to the norm in GY. Thus the definition of 
square-integrability given here is materially stronger than that given 
for cyclic representations in [4]. 
The following characterization of square-integrability is suggested 
by Lemma 27 of [2]. 
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THEOREM 1. Let T be a representation of the Hilbert algebra O! on a 
complex Hilbert space X. Then T is square-integrable ;f and only if there 
is a constant c such that 
II T(f) II < c . llfll 
for all f in QI. 
Proof. Suppose there is a constant c such that 11 T( f )I/ < c * /If /I for 
all f in Q!. Then for any v and # in X 
IGW g, I #))I 9 T(f) P II II * II 
d c llfll II VJ II II 1cI I
so that T is square-integrable. 
Conversely, suppose T is square-integrable and let 2 denote 
the completion of GI. Then for each cy. in X there is a (unique) linear 
map U, : X + Z such that 
(Uag’ I d = (p’ I T(g)4 (1) 
for all (y, g) in X X OL. 
Now suppose vn -+ y in 37 and that Uol(v,) --t f in X. Then 
for all g in a; hence f = U,~I. Therefore, U, is closed and hence a 
continuous map of 3” into 2. 
Next consider the map 
cd++ u, (a E X). 
It is conjugate linear as a map from X to the space L(X, Z) of 
bounded linear maps of X into Z and also closed. For suppose 
01, -+ 01 and that U, --f U in the uniform operator norm. Then for 
(p), g) in 3K X O! ’ 
(up,Ig) = l+(uo1.9) Id 
= lip (9’ I %94 
= (p’ I w4 
= (UEP, Id. 
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Hence U = U, and a! tt U, is a closed map. Therefore, by the closed 
graph theorem, there exists a constant c such that 
for all v, g, and 01. This being the case, we conclude that 
II T(f) II e c llfll 
for all f in G2C 
Before proceeding, we recall that a Hilbert algebra GI with comple- 
tion A?(@) has a canonical fulfillment d, the algebra of bounded 
elements in &‘(a), which acts continuously to the left and right on 
#(a) [4]. Using this and Theorem 1, we easily deduce the following 
result. 
COROLLARY. Let T be a square-integrable representation of the 
Hilbert algebra GZ on a Hilbert space 3” and Y(X) the space of bounded 
linear operators on X equipped with the uniform operator norm. Then T 
extends uniquely to a self-adjoint continuous linear map, again denoted T, 
of X(M) into Y(X) such that 
w * A9 = w Kd 
for all (f, g) in d X Z(a). 
THEOREM 2. Every square-integrable representation of a Hilbert 
algebra is a direct sum of irreducible square-integrable representations. 
Proof. Let @ be a Hilbert algebra and T a square-integrable 
representation of ~2 on a Hilbert space X. Then T extends to A?(@!), 
as in the preceding corollary, and we may therefore assume that 
Q? = 6. Since every representation is a direct sum of cyclic represen- 
tations, we may further assume that T is a cyclic representation with 
a cyclic vector 01 f 0. Then as shown, more generally, in [4] T is 
unitarily equivalent to a subrepresentation of the regular representa- 
tion of r2 on X(a). In the present context this may be seen by a more 
elementary argument. Let U be the map U, : X + X(0!) which is 
defined by (l), and let Z’ be the closure of G(X) in ~?(a). Suppose.p, 
is a vector in X such that UT = 0. 
Then by (1) 
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for all g in GZ. Since a is a cyclic vector, it follows that v = 0. Thus U 
is a nonsingular continuous linear map of X onto a dense subspace of 
X’. In addition, iff andg are elements of A and y E X, we have 
(f Ug, I g) = (UT if *g) = (Wg, I G94 = (UW)rp I g)- 
It follows that f * Ug, = UT(f)? for all (f, q) in a x X. This in 
turn implies that f * X’ C X’ for every f in a. Let L be the sub- 
representation of the left regular representation of GZ on X(GZ) which 
is defined by X’. Let W be the positive square root of U* U and V the 
partial isometry in the polar decomposition 
u=v*w 
of U. Then it is well known [5, p. 2851 and easy to verify that I’ is a 
unitary map of X onto X’ which intertwines T and L. Hence, there 
is a constant c > 0 such that 
for all f in CY. Thus for f in a and g in X’ 
;if.gli d cllfllllgll~ 
It follows that 
f;-f *g (fE 4 
(2) 
is a bounded linear map for each g in X’. Since GZ = d, this implies 
X’ C a. In particular, (2) asserts that 
ilf. g II < c llfll II g II 
for allf and g in X’. Thus X’ becomes an H*-algebra after its inner 
product is multiplied by c 2. In an H*-algebra every nonzero closed 
left ideal contains a nonzero self-adjoint indempotent; the ideal is an 
orthogonal direct sum of minimal closed left ideals of the algebra; and 
each minimal closed left ideal is generated by an irreducible self- 
adjoint idempotent [6]. 
Let e be any nonzero irreducible self-adjoint idempotent in X’ and 
A the closure of G!e. Then A is a left ideal in 37’. Suppose A1 is a 
nonzero closed left X/-invariant subspace of ~7. Then A’r contains 
a nonzero self-adjoint idempotent h # 0. By an argument in [6] 
e, = eh = ehe 
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is a nonzero self-adjoint idempotent that commutes with e. Because e is 
irreducible, it follows that e, = e, and hence that A, 3 %‘e. Now 
.X’e is a closed minimal left ideal in 3-l; thus, in view of the arbitrary 
nature of A!r , it is the unique such ideal in .A. Therefore, X’e = A, 
and A% defines an irreducible square-integrable subrepresentation of 
L. Since X’ may be expressed as an orthogonal direct sum of ideals 
such as A, this completes the proof. 
Using Theorem 2, we may now deduce the following result. Since 
the necessary arguments are well known and completely straight- 
forward they will be omitted. 
COROLLARY. Every square-integrable representation of a locally 
compact unimodular group is a direct sum of irreducible square-integrable 
representations. 
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